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Abstract

An ideal naturally ventilated building model that allows a theoretical study of the effect of thermal mass associating
with the non-linear coupling between the airflow rate and the indoor air temperature is proposed. When the ventilation
rate is constant, both the phase shift and fluctuation of the indoor temperature are determined by the time constant of
the system and the dimensionless convective heat transfer number. When the ventilation rate is a function of indoor and
outdoor air temperature difference, the thermal mass number and the convective heat transfer air change parameter are
suggested. The new thermal mass number measures the capacity of heat storage, rather than the amount of thermal
mass. The analyses and numerical results show that the non-linearity of the system does neither change the periodic
behaviour of the system, nor the behaviour of phase shift of the indoor air temperature when a periodic outdoor air
temperature profile is considered. The maximum indoor air temperature phase shift induced by the direct outdoor air

supply without control is 6 h.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Thermal mass or its thermal storage effect can be
used to reduce energy consumption of mechanical
cooling and heating systems in buildings. When a
building is naturally ventilated, thermal mass can be
used to regulate indoor air temperatures. Passive design
with the use of thermal storage can become very effective
when there is a significant diurnal variation of ambient
temperature and/or diurnal variation in solar radiation
intensity. The working principle is very simple that
thermal mass stores heat in both the building envelope
materials and the interior mass such as partitions, ceiling
and floor during a warm period on a summer day and
releases it at a later time in the day. The peak cooling
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loads can be reduced thereby similarly, the stored heat
during high solar gains can be released into the building
in the late afternoon, which can satisfy partly the heating
needs during cold period. Two engineering questions are
to be interested as how much thermal mass should be
used in a particular design and what are the quantitative
impacts of thermal mass on cooling/heating loads and
indoor air temperature. The main focus of this paper is
to study the non-linear coupling between ventilation and
internal thermal mass in naturally ventilated buildings.
Internal thermal mass such as furniture and purposed-
built internal concrete partitions does not expose to
ambient temperature directly, while the external thermal
mass such as walls and roofs expose directly to ambient
temperature variation.

Balaras [1] reviewed a large number of the previous
studies on thermal mass effects in buildings. Different
simplified models for taking into account the building’s
thermal mass into cooling load analyses were reviewed,
and different parameters were found for describing the
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Nomenclature

Ay area of the bottom opening ‘b’, m?

Am effective heat transfer area of the thermal
mass, m?

A, area of the top opening ‘t’, m>

A* effective opening area of a building, m?

B buoyancy flux, m*/s’

Cq discharge coefficient

Cum heat capacity of the thermal mass, J/kg°C

C, heat capacity of air, J/kg°C

E effective total heat power, W

g acceleration of gravity, m/s?

h height between two vertical openings ‘t” and
D, m

hm convective heat transfer coeflicient at sur-
face of thermal mass materials, W/m? °C

M mass of thermal mass, kg

q ventilation flow rate, m%/s

t time, h

Tx air temperature rise due to steady state heat
source, K

T indoor air temperature, K

T™ thermal mass temperature, K

T, outdoor air temperature, K

To mean outdoor air temperature, K

AT, amplitude of fluctuation of outdoor air
temperature, K

Greek symbols

o buoyancy air change parameter, m*/s

p phase shift

1 thermal mass number

A convective heat transfer number

0 outdoor temperature fluctuation air change
parameter, m®/s

0z heat source induced air temperature pa-
rameter, K

Ou convective heat transfer air change param-
eter, m’/s

p air density, kg/m?

T time constant, h

w frequency of outdoor temperature variation,
h—l

Subscripts

b bottom opening

i indoor

M thermal mass

o outdoor

t top opening

thermal mass effects [2-4]. Mathews et al. [3] provided a
procedure for estimating the effective heat storage ca-
pacity in a building. More detailed treatment of thermal
mass effect was also done through analytical and nu-
merical solutions of transient heat transfer through ex-
ternal thermal mass such as walls. Classical texts in
analytical heat conduction such as Carslaw and Jaeger
[5] have found their use in buildings through the well-
known work such as Danter [6].

Thermal mass is effective for dampening the wide
range temperature fluctuation from the outdoor and
maintaining the indoor air temperature within a com-
fortable range [7-9]. The heat storage in thermal mass
works together with other heat transfer processes in
buildings. Heat is also gained or lost in a building
through heat conduction through the building envelope,
thermal radiation through windows, ventilation through
openings and/or infiltration/exfiltration through leak-
ages. The so-called night ventilation technique [10,11] is
based on the principle of ventilating the building at night
to cool down its walls, floor and ceiling as the thermal
mass, and absorbing the heat during the following
daytime. Night ventilation can be either natural or me-
chanical. When it is mechanical, the analyses are much
simpler than when it is naturally ventilated. Kammerud
et al. [12] presented a study of the effect of ventilation
cooling for a group of residential buildings. Their ana-

lyses assumed a fan-forced ventilation rather than nat-
ural ventilation.

There are at least two associated difficult issues when
dealing with natural ventilation. Firstly, the ventilation
flow rate is not a constant, as the ventilation opening
such as window opening is affected by human behavior.
Secondly, the natural ventilation flow rates also depend
on changing wind and thermal forces. For stack-driven
natural ventilation, the ventilation flow rate depends on
the temperature difference between indoor and outdoor
air, while at the meantime the indoor air temperature is
also a function of the ventilation flow rate. Ventilation
flow rate and indoor air temperature are coupled in a
nonlinear manner. Almost all existing studies have
treated the problem as a linear system. Based on a linear
approach, Mathews [13] developed a simplified electric
analogue method, and it is obvious that the indoor air
temperature changes periodically if the outdoor air
temperature varies periodically. However, this is not
straightforward when the governing equation is non-
linear. The questions include whether the indoor air
temperature also varies periodically, and if it changes
periodically, then, what is the phase difference between
the indoor and outdoor air temperatures and what are
the engineering parameters affecting the phase shift.

Van der Maas and Roulet [10] developed a simple
dynamic model that couples airflow, heat transfer and a
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thermal model for the wall, numerical method was used
to solve the coupled equations. With some modifications,
the present analyses are also applicable to situations when
phase change materials are used for thermal storage.

2. A simple building model with constant ventilation flow
rate

We first consider an ideal building model with a
constant ventilation flow rate (see Fig. 1). The building
is ventilated mechanically. The air temperature distri-
bution in the building is uniform, implying that the
airflow is fully mixed. The building envelope is perfectly
insulated and due to the uniformity of indoor air tem-
perature, the thermal radiation between the room sur-
faces do not exist. All heat gain and heat generation in
the building can be lumped into one heat source term, E.

The temperature distribution in the thermal mass
materials is also assumed to be uniform. This means that
the thermal diffusion process is much faster than the
convective heat transfer at thermal mass surface. Two
situations are considered here as shown in Fig. 1.

1. The thermal mass materials are in equilibrium with
the indoor air. This means that the thermal mass tem-
perature is always the same as the indoor air temper-
ature (Fig. la). This assumption allows a simple
governing equation to be derived.

2. The thermal mass materials are not in equilibrium
with the indoor air (Fig. 1b). Then, the convective
heat transfer process between the thermal mass and
indoor air should be considered.

2.1. The thermal mass is in equilibrium with the room air

The heat balance equation for the building becomes
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The ventilation flow rate ¢ is always positive. In this
paper, we do not study the effect of heat transfer
through the building envelope, and hence, the effect
of solar radiation is not an issue here. We assume that
the outdoor temperature can be expressed by Fourier
analysis as the sum of sinusoidal components of periods
24, 12, 8, 6, etc., hours. Similar to other studies, we
only consider the main sinusoidal component of period
24 h.

T, = T, + AT, sin(wt) (2)

where Afo and To are independent of time and ATO = 0;
 is the frequency of the outdoor temperature fluctua-
tion with a value of 27/24 h!.

Substituting Eq. (2) into (1) and after some re-
arrangements, we have

S + T, = Tp + T, 4+ AT, sin(wt)

wT

3)

where T = MCy/pC,q and Ty = E/pC,q. The system as
described by Eq. (3) is similar to the classical lumped
parameter model of a solid body with convective heat
transfer at its surface [14]. The general solution of the
differential equation (3) can be written as

T ATO

Ti(wl)ZfO‘FTE‘F m

T, .
ﬁsmwt—
w-T

x cos wt + Ce~ 1/ (4)
where C is a constant, determined by the initial condi-
tions. 7 is the time constant of the system. The solution is
the sum of two parts. The first part is a periodic solution
with a period of 27. The second part contains the initial
condition, which decays to zero as time increases. In
terms of dynamical systems, the solution (4) is said to be
a global attractor. The solution (4) oscillates non-peri-

oMCy or; +pCyq(T,—T,) =E (1) odically, as C # 0, approaching to the following periodic
0(wt) solution.
—). —_—
At
T T
" ;
\ E E/
\ Ay ’
’ — . 2

(a)

(b)

Fig. 1. A simple two-opening one-zone building model with periodic outdoor air temperature variation. The shaded area represents
the thermal mass. (a) The thermal mass is in equilibrium with the room air. (b) The thermal mass is not in equilibrium with the room

airr.
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~ AT, .
Tp(wt) = Ty + Tp + ——— sin(wt — 5
(o) b+ e sin(or — f) )

where the phase shift f=tan™!(wt), with sinf=
wt/V1+ w?*t? and cos ff = 1/V1 + w?7%.

After sufficient long time, the indoor air temperature
becomes periodic, which has three components: the first
is the mean outdoor air temperature, the second is the
steady state air temperature rise due to the steady heat
source, the third is the fluctuating component. If the
outdoor air temperature fluctuation is zero, then the
third part is zero. The magnitude of the indoor air
temperature fluctuation is always smaller than that of
the outdoor air temperature fluctuation with a coeffi-
cient of 1/v1+ w?t2. The amplitude reduction is a
function of both the frequency of outdoor temperature
fluctuation AT, and the time constant 7 of the system
(see Fig. 3). For the 24-h frequency alone considered
here, it can be found when the time constant t of the
system is large, the fluctuation of indoor air temperature
becomes small. We sketch a typical indoor air temper-
ature profile in Fig. 2.

The phase shift f§ of the indoor air temperature is also
a function of both the frequency of outdoor temperature
fluctuation and the time constant. It has a value between
0 and 7/2 (i.e. 0 and 6 h, see Fig. 4). When the time
constant t approaches zero, the indoor air temperature
follows right along in phase with the outdoor tempera-
ture. As time constant approaches infinity, the indoor
air temperature is out of phase by n/2 (6 h). The phase
shift  can be expressed as

24 | [ oMCy 12 |, (oMCy
f==tan"! ( > =—tan ( > hours
2 0pC,q n pCrq ( )
(6)

It can be seen that to achieve the same phase shift, the
amount of thermal mass should be proportional to the

25 . Phase shift
2 {» 4

23 /"\ /-\
4 S’ S~ S A

Air Temperature (°C)

18 T T T T ]

0 5 10 15 20 25
wt

Fig. 2. A sketch of the periodic indoor and outdoor air tem-
perature profiles in a simple building when the ventilation flow
rate is constant.
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Fig. 3. The non-dimensional indoor air temperature fluctuation
AT; (normalized by the outdoor air temperature fluctuation
AT,) as a function of the time constant.
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Fig. 4. The phase shift of the indoor air temperature as a
function of the time constant.

amount of ventilation flow rate. A higher ventilation
rate in a building requires a larger amount of thermal
mass.

2.2. The thermal mass is not in equilibrium with the room
air (Fig. 1b)

A more realistic situation is the thermal mass mate-
rials being not in equilibrium with the indoor air. We
assume that the thermal mass has a uniform temperature
distribution.

There are two basic heat balance equations, one for
the room air and one for the thermal mass.

pCoq(To — Ti) + hudm(Tu — 1) + E =0 (7)
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on
McMa—tMJrhMAM(TM ~T)=0 (8)

From Eq. (7), we obtain

PCoq PCrq E
=1 T — T, — 9
M ( +hMAM> Iy Ay ©)

Substituting Eq. (9) into (8), after some manipulation,
we obtain

or, 4 PR PR
a(m)+1+zT‘_1+;L(T°+TE>+1+AAT°
T

X [sin(wt) + (Ci )cos(wt)] (10)

where A = hydm/pCpq, T=MCy/pC,q and Tp=
E/pC,q. A new convective heat transfer number A is
introduced to measure relative strength of convective
heat transfer at the thermal mass surface. If 1 becomes
infinity, i.e. the convective heat transfer is infinitely ef-
fective, Eq. (10) can be shown to be identical to Eq. (3),
which is the governing equation for the situation when
the thermal mass is in equilibrium with the indoor air.
The general solution for Eq. (10) is

wT

2+ Pt =

. + wt AT,
A+ o2 (1+2)

x sin(wt — f) 4+ Ce~Worl+i)er (11)

Ti(wt) = Ty + Ty +

where C is an integrating constant and fi=
tan~! [ wt/(2* + 0 (1 + A))]. As the convective heat
transfer number A becomes infinity, B = tan~!(wr),
which agrees with the analysis in Section 2.1.

After sufficient long time, the solution approaches to
a periodic one as

~ 724 0?72 ~
T(wt) =Ty +Tp+ | — 2" AT, sin(wt —
() FINZ f o1+ ) (i =F)

(12)

The first term is the mean outdoor temperature and the
second term is the steady-state air temperature rise due
to steady heat source. The mean indoor air temperature
(T, + T) is not a function of the convective heat transfer
number and the time constant of the system. The third
term is the periodic fluctuating component with its am-
plitude depending on the outdoor temperature fluctua-
tion AT,, the time constant 7 and the convective heat
transfer number A. f§ is again the phase lag of the indoor
air temperature with respect to the outdoor temperature.

Analytical solution (12) is plotted in Figs. 5 and 6 for
the phase shift and the fluctuation amplitude of the in-
door air temperature respectively. The solution behav-
iors at extreme conditions can be easily explained as
follows. If 1 — oo, both the phase shift and the fluctu-
ating component of indoor air temperature are identical
to those obtained in Section 2.1. This is due to that the

A = infinity

2
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€4
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0 10 20 30 40 50
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Fig. 5. The phase shift of the indoor air temperature as a
function of the time constant and the convective heat transfer
number.
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Fig. 6. The non-dimensional indoor air temperature fluctuation
AT; (normalized by the outdoor air temperature fluctuation
AT,) as a function of the time constant and the convective heat
transfer number.

heat transfer resistance between the thermal mass and
the indoor air becomes negligible. Thus the thermal
mass temperature is in equilibrium with the indoor air
temperature. As the thermal mass increases, both the
time constant and the convective heat transfer number
increase. It can be shown from the analytical solution
(12) that as both the time constant and convective heat
transfer number approach to infinity, the indoor air
temperature fluctuation approaches to zero.

If the convective heat transfer at the thermal mass
surface is absent, then 1 = 0, the phase shift of the in-
door air temperature is zero and its fluctuation is exactly
the same as that of the outdoor air temperature, no
matter how large is the thermal mass value. This is
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simply because there is no longer any thermal interac-
tion between the thermal mass and the indoor air.

It is not difficult to understand, that when A is small
(between 0.1 to 10, which are typical practical values),
the phase shifts are much smaller than those with very
large convective heat transfer numbers. However, it is
not obvious that for a fixed value of A, the phase shift
first increases exponentially as the time constant in-
creases, then drops as the time constant further in-
creases, approaching zero as the time constant
approaches infinity. It can be seen from Fig. 6 that, for 4
ranging from 0.1 to 1, the fluctuation amplitude of the
indoor air temperature, normalized by the outdoor
fluctuation amplitude, becomes constant as the time
constant becomes very large. This suggests that the
convective heat transfer between the mass and nearby
air is an important aspect in thermal mass design, which
is well known by engineers.

3. A simple building model with stack-driven ventilation

For the simple building model shown in Fig. 1, the
basic assumptions are the same as in Section 2, except
that the stack-driven ventilation flow rate is not a con-
stant. Two openings at different vertical levels on op-
posite walls, are relatively small, and the areas of the top
and bottom opening are A; and A, respectively. With
stack driven ventilation, it is known that indoor airflow
is thermally stratified in some circumstances. However,
the fully mixed assumption is used here because it leads
to relatively simple equations, which nonetheless display
interesting behaviour and because this assumption is
used in the simpler treatments of natural ventilation of
multi-zone buildings.

Let the ventilation flow rate, ¢, to be positive for
upward ventilation flows and negative for downward
flows. Noting that the indoor temperature can be either
higher or lower than the outdoor temperature. Accord-
ing to Li and Delsante [15],

Ti - To
q = CyA"sgn(T, — Ty) ‘Zgh F

o

(13)

where Cy is the opening discharge coefficient assumed to
be the same for both openings, 4" = 4idy/ /A2 + A% is
the effective area, and £ is the vertical distance between
the top and bottom openings. The positive sign is used in
Eq. (13) if indoor air temperature is higher than outdoor
temperature, while the negative sign is used if the indoor
air is cooler. The volumetric expansion coefficient is
assumed to be constant. This ventilation flow rate
equation can be rewritten as

dlal = (Coty2en T (14)

o

Again, two situations are also considered below.
3.1. The thermal mass is in equilibrium with the room air
The heat balance for the single-zone building gives

oT;
My g+ PGl (T = 7o) = (15)
Note that the ventilation flow rate can be either negative
or positive.
Combining Eqgs. (14) and (15), after some re-
arrangement, we obtain the following governing equa-
tion for the ventilation flow rate,

Oq
2¢0)q| W =—¢ + 2053[1 — ¢ cos(wt)] (16)
where
o= (Cad™ ) (Bh)' (17)
B= ggT (18)
pC, T,
__E (19)
pCpAi"O

The parameter o is referred as the buoyancy air change
parameter in the literature and it characterizes the effect
of the thermal buoyancy force [15]. B is the buoyancy
flux. « is found to be useful for analyzing buoyancy-
driven natural ventilation. Two new parameters ¢ and 0
are emerged to characterize the effect of thermal mass
and the outdoor temperature fluctuation. The thermal
mass number ¢ is dimensionless, and is the ratio be-
tween the maximum heat stored MCMwA?O by thermal
mass and the total heat gain in the building. 6 is the
outdoor temperature fluctuation air change parameter,
with the same dimension as the airflow rate. As the
ventilation flow rate is not known, we cannot define a
time constant as in the linear problem.

Similarly, we can obtain the governing equation for
indoor air temperature 7;. From Egs. (14) and (15)

\%(g)%_,_yml/zz 1 — ¢ cos(wt) (21)

where Y = (T; — T,)/0r and 0 is the heat source induced
air temperature parameter, which has a unit of temper-
ature (K) and is defined as follows,

- 1/3
E*T,

2gh(Ced*)*p2C2

(22)

There are no known general solutions to the non-linear
equations (16) and (21). Here we try to illustrate what
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happens to the indoor air temperature when there is a
non-linear interaction between the ventilation flow rate
and thermal mass.

We examine first the situation for ¢ approaching
infinity. Eq. (16) becomes

0
et

15 (wr)

The general solution of the differential equation (23) is

= —20 cos(wt) (23)

203 .

qlq| = ~ sin(wt) + C (24)
where C is a constant. The phase difference between the
ventilation flow rate ¢ and the outdoor air temperature
T, is thus 2 (3% — 2) = 12 h. We are more interested in the
maximum phase shift for the indoor air temperature.
The solution for the indoor air temperature can be easily
obtained by either using Egs. (14) and (24) or by solving
Eq. (21) directly, we have

C

Ti(wt) = ——
(cor) 2gh(Cqad*)?

1+ (25)

where C is a constant. This shows that as the amount of
thermal mass approaches infinity, the indoor air tem-
perature does not vary in time. The largest phase shift
occurs when the thermal mass number ¢ is the largest,
i.e. approaching infinity. The question is what is the
phase shift for indoor air temperature as thermal mass
approaches infinity. Obviously, the analytical solution
(25) cannot give the answer, and more mathematical
analyses as summarized in Appendix A are needed. It
was obtained that the solution for the nonlinear gov-
erning equation (16) is a periodic oscillating solution
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with a 24-h period after sufficient time and the phase
difference between the periodic oscillating solution of the
airflow rate and the outdoor air temperature 7, are
within 6-12 h. Similar analysis can be done for the
governing equation of the indoor air temperature, Eq.
(25), and the result is also periodic with a period of 24 h
and the phase shift is between 0 and 6 h. Unfortunately,
we cannot prove mathematically at the present that the
periodic solution is unique, although all numerical
solutions obtained so far are unique.

The governing equations (16) and (21) are solved by
the fourth-order Runge-Kutta method. The ventilation
flow and the steady-state periodic temperature profiles
for a naturally ventilated building model with a very
large thermal mass number are shown in Fig. 7, from
which there are time lags for both the indoor air tem-
perature (solid line) and ventilation flow (dash-dotted
line) with respect to the outdoor temperature (dotted
line). Also the fluctuation amplitude of the indoor air
temperature is much smaller than that of the outdoor
temperature.

Fig. 8 shows the variation of the phase shifts for both
the flow rate and the indoor temperature compared to
the outdoor air temperature. Fig. 8 was plotted using
both the airflow rate equation (16) and the indoor air
temperature equation (21), and the results were identi-
cal. The numerical results agree well with the mathe-
matical analyses in Appendix A. The phase shift of the
airflow rate is bounded by 6 and 12 h and the phase shift
for the indoor air temperature ranges from 0 to 6 h. For
both phase shifts, the rates of increase are initially very
high and then gradually decrease until the phase shifts
become constants. This indicates that the use of thermal
mass should be optimized, as excessive thermal mass is

400 -1 25
B ~ outdoor temperature, T, b
- — = ventilation flow rate, q T
380 - indoor airfemperature. T, ]
- n m&
r— T T T
< 360 [ i £
< X . 2
o = -1 15 ©
= B SN . o~ R —~.
| Va A . < N
® 340 | // \\ a N ke \-\ , ‘ \ / 1 5
g foo A =
= - 41 2o
- i -—
& a2 | ] ko)
- -
| E =
| . @
L -~ 05 =
300 i
280 _||||1||||;||1||1||||'|'||||11||||]|1|||||\ln|'\"|||||||||||'|';I|_ 0
480 492 504 516 528 540 552 564 576 588 600
Time (hr)

Fig. 7. A sketch of the ventilation flow and temperature profiles of a naturally ventilated building model with thermal mass effect.
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Fig. 8. Phase shifts for both the ventilation flow rate (solid lines) and the indoor air temperature (dotted lines) for the stack-ventilated

model with Ty = T;. Note two vertical axis are used.

not beneficial when the phase shift approaches to its
maximum value. As shown in Fig. 8, the higher the value
of 0/, the greater is the phase shift for the same thermal
mass number.

For the indoor temperature, the phase shift ap-
proaches to zero as ¢ approaches to zero (Fig. 8). This is
obvious, but can also be shown by the analysis of the
governing equation. Substituting ¢ = 0 into Eq. (16)
gives

q= \VE“ = {qss

where g, = /20 is the steady-state flow rate for a single-
zone building under stack-driven ventilation alone [15]
and without thermal mass effect. The indoor air tem-
perature, T;, is obtained as

L=(T,+ + AT, sin(et) (26)
(% + 62

pss
T; is a sinusoidal function in phase with the outdoor
temperature 75,.

Figs. 9 and 10 show respectively the variations of the
predicted mean values and the fluctuation (amplitude) of
the ventilation flow rate, normalized by the thermal air
change parameter, «. When the effect of thermal mass is
absent (i.e. ¢ = 0), the ventilation flow rate equals V2o
and no fluctuation exists. Examining the curve for
0/o. =5 in Fig. 9, it can be seen that as ¢ increases, i.e.
the amount of relative heat storage increases, the mean
ventilation flow rate first decreases exponentially and
then approaches to a constant as the thermal mass
number is greater than 2. This is due to the fact that the

heat is stored in the thermal mass and the mean tem-
perature difference between the indoor and outdoor is
reduced. In the meantime, examining the thick solid
curve (0/a = 5) in Fig. 10, the fluctuation first increases
exponentially as a result of increasing thermal mass, and
then approaches to a constant.

Eq. (6) shows that for constant ventilation flow rate,
the indoor air temperature fluctuation is a linear func-
tion of the outdoor air temperature fluctuation. It seems
that, even when the ventilation flow rate is not constant,
the indoor air temperature fluctuation also increases as
the outdoor air temperature fluctuation increases (see
Fig. 11). This is also reflected in the trend of ventilation
flow rate fluctuation when the outdoor air temperature
fluctuation decreases (Fig. 10). A decreasing outdoor air
temperature fluctuation means an increasing outdoor air
temperature fluctuation parameter 6. It is obvious that
as the outdoor air temperature fluctuation reduces to
zero, the fluctuation of the outdoor airflow rate also
becomes zero.

Fig. 11 shows the changes of the ratio of indoor
temperature fluctuation to the outdoor temperature
fluctuation with respect to thermal mass number ¢. As
shown, the ratios decrease from 1 to 0 as ¢ increases
from zero to infinity. This agrees well with the physical
features of the system, the indoor air temperature profile
follows in phase with the outdoor air temperature vari-
ation as the effect of thermal mass is absent, and the
outdoor air temperature fluctuation will be dampened
completely (as the effect of thermal mass is very large
(approaching infinity)).
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Fig. 9. Normalized mean ventilation rate as a function of the thermal mass number for the stack-ventilated model with Ty = T;.

0.25 —
i S
- — &f=10
- —— Ba=15
02 — &f=20
B ————— &lo=25
0.15
3 -
IS -
< B
0.1
0.05
T R N TR N R TR YT TS Y N AN TR N T N |
00 1 3 4 5

thermal mass number, ¢

Fig. 10. Normalized ventilation rate fluctuation as a function of the thermal mass number for the stack-ventilated model with Ty = T;.

3.2. The thermal mass is not in equilibrium with the room
air

Again, there are two basic heat balance equations,
one for the room air and another for the thermal mass,
as
pColq|(To — T) + hwdm(Ty — i) + E=0 (27)

0T

MCMF + hMAM(TM — T,) =0 (8)

Eq. (27) differs only from Eq. (7) that the flow rate, g,
can be either positive or negative.

Using Eq. (27) and the flow rate equation (14), we
obtain

n_ E T —T,
M A 0z

Substituting Eq. (28) into (8), after simplification, we
have

1/2

Ti_To _1

Or

T (28)
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Fig. 11. The ratio of indoor air temperature fluctuation to outdoor temperature fluctuation as a function of the thermal mass number

for the stack-ventilated model with Ty = T..

» 00y 3. 0y o 2y
{/Eoca(w) 5P || 3wt )+Y\Y| 1 — ¢ cos(wr)

(29)

where Y = (T; — T,) /05 and 0y = hyAwm/pC,, which is

the convective heat transfer air change parameter. As 0y

goes to zero, there is no thermal link between the ther-

mal mass and the air temperature. The indoor air tem-

perature is then in phase with the outdoor temperature.
Eq. (29) can be rearranged as

(1) 2] e ()

(9: > [1 — ¢ cos(wt)] (30)
We can also obtain from Eq. (14),
(P (31)

2gh(Cqd*)

Substitute Eq. (31) into (27), we obtain

1 E (¢ qlq|
M=——|=—=+0g—-1 32

M GHpCp(2a3+ "33 (32)

Substituting Egs. (31) and (32) into Eq. (8), after rear-
rangement, we have

o( D[+ (2))e) Loy (%) (2

_ (9H > (1 — g cos(er)] (33)

o

The governing equation for the thermal mass tempera-
ture Ty is not explicitly given here as it is not of our
primary interest and additional complexity arises due to
the appearance of higher order terms if ¢ and 7, are
expressed in terms of Ty.

As the amount of thermal mass approaches infinity,
both the thermal mass number, ¢, and the convective
heat transfer air change parameter, 0y, approach infin-
ity. Hence, Eq. (29) becomes

0 oy

— —— = —cos(wt 34
the solution will be

V20
Y=C — sin(wt) (35)
where C| is a constant. As ¥ = i = iL we obtain

3

2 . -
* Ogsin(wt) or T,=T,+ C0g
(36)

=T+ Cbp—

Thus the indoor air temperature becomes a constant as
the thermal mass value approaches infinity.

At the same time, as the thermal mass approaches
infinity, the airflow rate becomes

0 ’g ‘ 0(q/)
a)lal O(wt)
We can obtain g|q| =
for the flow rate is 12 h.

= —cos(wt)

— (207 /0) sin(wt), the time lag
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A number of different parameters are emerged to
describe the effect of thermal mass in buildings with
ventilation. When the ventilation rate is constant, both
the phase shift and fluctuation of the indoor temperature
are determined by the time constant of the system
7= MC\u/pC,q and the dimensionless convective heat
transfer number, A = hydm/pC,q. Z is analog to the
Biot number. Recall that a small value of the Biot
number means the external resistance (convective heat
transfer) being large compared to the internal resistance

- -
N W

(heat conduction) and in this case the internal temper-
ature distribution can be assumed to be uniform. Simi-
larly, a large value of the convective heat transfer
number means that the convective heat transfer is very
effective compared to the flow mixing in the room, and
the thermal mass temperature can thus be considered as
in equilibrium with the room air temperature.

When the ventilation rate is a function of indoor and
outdoor air temperature difference, the characteristic
parameters are quite different, we suggest the use of

- =
(=T

Phagse shift for ventilation flow (hr)
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Fig. 12. Phase shifts for both the ventilation flow rate (solid lines) and the indoor air temperature (dotted lines) for the stack-ventilated

model with Ty # T,.
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thermal mass number, ¢ and convective heat transfer air
change parameter, 0. The thermal mass number mea-
sures the capacity of heat storage, rather than the
amount of thermal mass. By calculating the value of
these non-dimensional numbers or parameters, engineer
can make an estimate of whether the thermal mass de-
sign will be suitable for its application.

Fig. 12 shows the changes of phase shift for both the
airflow rate and the indoor air temperature for 0/o = 10,
it was observed that the results for other values of 0/«
are similar. As shown in Fig. 12, when 6 > 1000, the
phase shift curves approach to that for the situation
when the thermal mass is in equilibrium with the indoor
air. However, a smaller value of the normalized con-
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Fig. 14. Normalized ventilation rate fluctuation as a function of the thermal mass for the stack-ventilated model with Ty # T;.
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Fig. 15. The ratio of indoor air temperature fluctuation to outdoor temperature fluctuation as a function of the thermal mass number

for the stack-ventilated model with Ty # T..
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vective heat transfer air change parameter reduces the
phase shift significantly. The results are very similar to
those shown in Fig. 5 for the phase shift of indoor air
temperature.

Figs. 13 and 14 show the normalized mean flow rate
and flow fluctuation (amplitude) in terms of the thermal
mass number respectively. The effect of the convective
heat transfer parameter 0y /o is also shown. Similar to
the results as shown in Figs. 9 and 10, the ventilation
flow rate equals v2o and there is no fluctuation when
the effect of thermal mass is absent (i.e. ¢ = 0). These
results can be shown as well by examining the governing
equations (27) and (8). As the thermal mass number, ¢,
increases beyond the value of 1, the predicted mean flow
rate and flow fluctuation depends only on 6y for con-
stant 0/o ratio. However, the results for large values of
0y /o (greater than 100) are approximately the same.

In Fig. 15, the normalized indoor air temperature
fluctuation is shown as a function of ¢ for different
values of the normalized convective heat transfer air
change parameter 0y /o. When 0 /o is small (less than
10), the normalized indoor air temperature fluctuation is
controlled by the convective heat transfer process at the
thermal mass surfaces. Further increase of thermal mass
has no effect at all. Again, this suggests that the im-
portance of the convective heat transfer between the
mass and the indoor air.

4. Conclusion

It is possible to design a system with a predicted time
lag for a naturally ventilated building using the simple
methods derived in this paper.

Unlike the periodic heat transfer through the build-
ing envelope which can introduce a large time lag for the
indoor air temperature, we have shown here, the maxi-
mum indoor air temperature phase shift induced by the
direct outdoor air supply without control is 6 h in an
either mechanically or naturally ventilated building. The
non-linearity of the system does not significantly change
the periodic behaviour of the system and the phase shift
of the indoor air temperature when a periodic outdoor
air temperature profile is considered. When the ventila-
tion rate is constant, both the phase shift and fluctuation
of the indoor temperature in a simple building are de-
termined by the time constant of the system and the
dimensionless convective heat transfer number. When
the ventilation rate is a function of indoor and outdoor
air temperature difference, the so-called ‘‘thermal mass
number” and “convective heat transfer air change pa-
rameter’ are suggested.

Appropriate amount of thermal mass should be used
in building passive design as further increase of thermal
mass would not increase the phase shift of the system.
Convective heat transfer at the thermal mass surfaces is

very important and its quantitative impact shows that
the phase shift of the indoor air temperature can be re-
duced even the thermal mass number is increased if the
convective heat transfer number is less than 10.

It is hoped that the present study will pave the way
for further understanding of the thermal mass effect and
develop design guidelines for natural ventilation and
passive design of buildings.

Acknowledgements

This project is a contribution to the International
Energy Agency Annex 35 project (Hybvent). The re-
search was supported by a grant of the Hong Kong
Research Grants Council (HKU 7009/01E). The authors
would like to thank Dr. Angelo Delsante for his valu-
able discussions on the problem. Dr. Delsante first de-
rived the solutions when the thermal mass number
approaches to infinity while he visited the University
of Hong Kong in November 2001.

Appendix A. Mathematical analyses for the non-linear
governing equation

The non-linear governing equation for the ventilation
flow rate derived in Section 3.1 is as follows:

200 \a—q—— *+ 2071 — ¢ cos(wt)] (A1)
pulq () =9 ¢ .
where ¢ > 0, 0 > 0 and o > 0. The non-linearity of the
equation arises as a result of the coupling between in-
door air temperature and ventilation flow rate. The
above equation was derived assuming that the outdoor
air temperature changes sinusoidally. The question is
whether the airflow rate and indoor air temperature also
change sinusoidally and what will be the phase shift
from the outdoor air temperature for both ventilation

flow rate and the indoor air temperature.
Unfortunately, Eq. (A.1) cannot be solved analyti-

cally and we have carried out a mathematical analysis

using some concepts from the dynamic systems theory.

The detailed mathematical proof is not given here, as it

is too lengthy. The results are summarized as follows.
Eq. (A.1) can be written as

ds

dr 2¢0|q|

& (A2)
= ¢+ 21 — pcoss]

dz

where s = wt. Let (s(t;50,40),49(7;50,90)) represents the
solution of the system (A.2) when the initial condition is
(s0,90) at T =0. Let y(so,qo) represents the whole tra-
jectory of the system (A.2) that passes through (so, ¢o) at
7 =0. Let y"(s0,90) and y~ (59, o) represent respectively
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the positive and negative half trajectory of the system
(A.2) that pass through (so,qo) when 7 = 0. Let %|(w)
and %\(w) represent the values of ds/dt and dg/dt at

(s, q) respectively. Furthermore, we let

H:{(s,q)|foo<s< + o0,

V25 (1= 9) <q< /2271 + )} (A3)

Our analyses are divided into three steps for three dif-
ferent situations, 0 < ¢ <1, ¢ =1 and ¢ > 1.

Step 1: To show that for any initial conditions, the
transient solution will fluctuate within a range of pa-
rameters. Mathematically, this can be written as

Theorem 1. Y(so,qo) € R?, 3T, > 0 such that
{(S(T;So,qo),q(T;SO,qo))‘T = TD} CH (A4)

and when © = T,, (s(t;50,40),q(7; S0, q0)) oscillates within
H.

Step 2: To show that the transient solution is a pe-
riodic solution with a period of 24 h. Again, mathe-
matically, we can write the following statement.

Theorem 2. The solution for Eq. (A.2) is a periodic os-
cillating solution y* (q oscillates periodically with respect
to s) for the differential equations set (A.2) with a 24-h
period, y* C H, and y* is a global attractor.

Step 3: To determine the phase shift between the
periodic solution of ventilation flow rate and the out-
door air temperature.

Theorem 3. The phase difference between the periodic
oscillating solution and T, satisfies 6 h < A¢p < 12 h.

The above three theorems show that the solution for
the ventilation flow rate is periodic with a period of 24 h
and a phase shift between 6 and 12 h and they apply to
the situation when 0 < ¢ < 1. Similar but more complex
conclusions can be obtained when ¢ = 1 and ¢ > 1.

When ¢ =1, there is also one dynamic solution
which approaches to the static solution which is not
stable, and all other dynamic solutions approach to y*.
When ¢ = 1, the phase difference between the periodic
oscillating solution y* and T7; also satisfies 6 h < A¢p <
12 h.

When ¢ > 1, equation set (A.2) at least satisfies one
of the following two results:

(1) there exists a periodic oscillating solution y* (g oscil-
lates periodically with s), with a 24-h period (with re-
spect to ¢), y* C H, and the phase difference between
y* and T, satisfies 6 h < A¢ < 12 h, or

(2) within every period there exists a trajectory, with its
negative side approaches to the static solution
(2km + cos™'(;),0), and positive side approaches to
the static solution (2(k + 1)m + cos™' (), 0). This tra-
jectory together with the static solution make up the
whole periodic oscillating curve #, with a period of
24 h (with respect to ¢), n C H, and the phase differ-
ence between n and 7, satisfies 6 h < A¢ < 12 h.

Similar analyses can be done to show that the solu-
tion for the indoor air temperature is also periodic with
a period of 24 h and a phase shift between 0 and 6 h.
These analyses are useful as it is impossible to solve
analytically the non-linear governing equations for all
range of influencing parameters. It should be noted that
we failed to prove that the solution is unique for all
situations, although it seems that the numerical periodic
solution is indeed unique as shown in the main text.
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